I. INTRODUCTION
A HIGHLY accurate technique, widely used for the simulation of optical junctions and discontinuities, consists of expanding the fields over the ports in terms of the corresponding accessing waveguides modes [1] - [3] . An accurate boundary condition relating the field and its normal derivative then arises, which is called the mode-expansion boundary condition (MEBC) [4] . However, this technique is in general highly time consuming, since the calculation of a large number of modes is normally requested.
Recently, we reported a simple boundary condition for the two-dimensional finite-element method (2-D/FEM) which permits the simulation of accessing waveguides without the need of calculating waveguide modes, by using a paraxial approximation for the fields' longitudinal variation at the ports [4] . This method, which is called the paraxial boundary condition (PBC), requires less computational effort than the MEBC and performs reasonable well in a wide number of cases, producing more reliable outcomes than the well-known "simple" (impedance) boundary condition (SIBC) in which only one guided mode is assumed to propagate along the access waveguides [4] .
An alternative 2-D/FEM scheme that avoids the MEBC was recently reported [14] . Though essentially analogous to our PBC algorithm [4] , that 2-D/FEM scheme however, does not seem to be straightforwardly generalized to schemes of higher order accuracy.
In this paper, we propose a novel approach based on the use of a sequence of Padé approximations for the first-order differential operator in , [9] - [13] , which can be considered an ex- tension of the PBC scheme. This new technique, which is called Padé boundary condition (Padé BC), follows the same idea as the SIBC and PBC formulations but it leads to more accurate results, and in addition, the schemes based on this approach may constitute efficient alternatives for rigorous MEBC.
II. FINITE-ELEMENT FORMULATION
As in [2] - [5] , we consider a planar (2-D) optical junction located inside the domain in the -plane as shown in Fig. 1 . There, for the sake of simple illustration, four accessing waveguides are considered. The boundary of the domain is then given by . To reduce the computational window, we used an extended frequency-domain version of perfectly matched layer (PMLs) with artificial electric and magnetic conductivities of parabolic profile, [8] .
The scalar wave equation that models light propagation in is given by (1) with , for TE modes and , for TM modes (2) where and are the components of the electric and magnetic fields, respectively, is the free space wavenumber, is the refractive index, is the PML thickness, is the distance from the PML interface, and is the theoretical reflection coefficient, [8] . For the PML perpendicular to the y or z axis, , or s and or 1, and for the corner PML, . Applying the Galerkin method to (1), the following weighted residual expression is obtained (3) where represents the weight functions, [1] , [6] .
In order to calculate the boundary integrals in the right-hand side (RHS) of (3), we express the field at the port in terms of the corresponding slowly varying envelopes, such that (4) where is the reference refractive index for port . For instance, considering Fig. 1 , . Using this slowly varying approximation in the original 2-D wave equation (1), we obtain the following wide-angle equation for the slowly complex amplitude : (5) where the variation of with respect to is assumed to be negligible for TM modes.
Next, in (5) we use the following Padé recurrence relation: for we obtain the well-known wide-angle beam propagation schemes [9] , [10] .
In the recursive process, for , the term in the RHS of (6) is zero, and the term in the left-hand side (LHS) results in the paraxial or Padé(1, 0) approximation for the differential operator. The higher-order Padé approximations are obtained by using (6) recursively. The terms and for the integer , correspond to Padé and Padé , respectively, [9] - [13] . Replacing (6) in the RHS of (4), is expressed by
Our proposed scheme Padé BC is then obtained by plugging (7) into the boundary integrals in (3). 
III. FINITE-ELEMENT DISCRETIZATION
Following the usual nodal FE procedure, [1] , [6] , (3) can be discretized into the matrix form given by (8) 
Here, is the 1-D shape function vector for the quadratic elements, where denote the transpose, and extends over all different elements in each boundary .
is the 2-D shape function vector obtained in the discretization of the computational domain . Next, with (9)- (14), (8) 15) where the components of the vector are the values of at nodal points in except the boundaries to is the null vector, and are the submatrices of . To solve the system (15), we consider that an input beam feeds the junction through the accessing waveguide 1 in Fig. 1 . Therefore, over the port 1, the field may be written as , where, represent the incident field, which is supposed to be known, and represents the reflected field, which is unknown. At the other ports, we have to , where represents the transmitted field, then we obtained the final matrix equation 
Finally, a wide-angle BPM finite-element scheme [9] , [10] , is applied into each accessing waveguide to propagate (in each direction) the signal, where at and at to are used as input beams. Superposing the incident field and the reflection field in the accessing waveguide 1, we can obtain the total field patterns in all regions in Fig. 1 . Here, to improve numerical accuracy, the adaptive reference index is used [10] .
IV. NUMERICAL EXAMPLES
To show the applicability of the proposed method, we analyze three examples: a waveguide step discontinuity, transverse displacement of waveguides and T-shaped beam splitter. In all the simulations we used m and , for the PML regions. The fundamental modes' effective indexes of the I/O guides were used as reference refractive indexes for SIBC, PBC, and Padé BC schemes.
A. Transverse Displacement
A first comparison was made considering a transverse displacement at the junction of two slab waveguides as shown in Fig. 2, where m, m, , and the fundamental TE mode is assumed to be incident on port 1. The displacement of one waveguide in relation to the other is represented by b. The domain m was divided in quadratic triangular elements and 100 modes over the ports for the MEBC were used. The parameter L fulfils the following relation m. The wide-angle BPM with step size m is used with 268 quadratic line elements over each accessing waveguide, 1 and 2, respectively.
We used a numerical window , with m, centralized at the origin, and divided in 1079 elements. The relative transmitted and radiated powers are shown in Fig. 3(a) , and the reflected power is shown in Fig. 3(b) , where all the curves are given as function of the ratio b/w for the five boundary conditions, SIBC, PBC, Padé BC, and MEBC. Fig. 4(a) -(e) shows the contour curves of the electric fields computed with the five boundary condition for a displacement such that . Comparing the results, it can be observed that since the index contrast is large, only the higher order Padé BCs offer results much more accurate than SIBC and PBC when compared with MEBC.
Since is very small, a large amount of radiated evanescent modes exist, allowing that the radiation of the SIBC and PBC cases present qualitatively significant differences in relation to the Padé BC and MEBC.
If we use the computational domains with m and m divided in 2545 and 5233 quadratic triangular elements, respectively. We observed that the larger the parameter , more accurate results are obtained by using SIBC and PBC, when compared with those of Padé BC and MEBC ( [5, Ch. 3] ). However, still existing significant differences, which can be eliminated by using Padé BC [5] . Also, it was observed that using SIBC and PBC, a large domain is necessary to simulate correctly convergence properties of coupled power in accessing waveguides. We can reduce this computational domain by using Padé BC in the 2-D domain and wide-angle BPM in each accessing waveguides. In computational terms, we have showed that even the Padé(2, 2) boundary condition requires a shorter computer time than the one request by MEBC scheme [5] .
Roughly speaking, we can determine as being the critical value to show the accuracy of the new technique (Padé BC) when compared with SIBC and PBC and its applicability when compared with MEBC. For , more accurate re- sults are obtained by using SIBC and PBC, while for , the results of all four approaches: SIBC, PBC, Padé BC, and MEBC are practically the same [5] . 
B. Step Discontinuity
Next, as a second example we consider a step discontinuity as shown in Fig. 5 , where m, , and incident fundamental TE mode is assumed on port 1, [1] and [4] .
The relative radiated and transmitted powers are shown in Fig. 6(a) , and the reflected power is shown in Fig. 6(b) , all curves are given as function of the ratio . Fig. 7(a) -(e) shows the electric field intensity patern for . Comparing the results obtained with Padé BCs and MEBC schemes, it is clearly observed that the higher the Padé order the better is the agreement with the MEBC results, considered "exact." This behavior can be observed with more clearness in Fig. 6(b) and Fig. 7(a) -(e).
The differences observed by using SIBC and PBC when compared with Padé BC and MEBC are due mostly to the presence of evanescent radiation modes at the ports, which are badly treated by these schemes and, also, to the high index contrast, which leads to a wide plane wave spectrum. These two effects can be more accurately treated with higher order Padé BC.
In a similar way as in the previous example, it is observed that for values of larger than m , more accurate results are obtained by using SIBC and PBC, when compared with those of Padé BC and MEBC. For approximately , the results of all four approaches: SIBC, PBC, PadéBC, and MEBC practically coincide [5] .
In this example, we used m discretized with 2712 quadratic triangular elements and 100 modes for the MEBC method. The wide-angle BPM is applied with step size of m and with 290 and 202 quadratic line elements over the ports 1 and 2, respectively.
C. T-Shaped Beam Splitter
Finally, as a third example, we considered a T-shaped beam splitter, as shown in Fig. 8 , which is composed of a resonant cavity of two corner mirrors and two inner resonator at the junction. Here, m, m, m, m and the refractive indexes are and , [7] . This useful component is used for power splitting or combining, which is essentially a Y-branch of 90 half-angle. As discussed in [7] , this junction optimizes the transmitted power to the ports 2 and 3 when compared the T-junction without the resonant cavity.
In this example, we used m discretized using 11 925 quadratic triangular elements and 100 modes for the MEBC. Also, the wide-angle BPM with step size m and 152, 128, and 128 quadratic elements was applied to the ports 1, 2, and 3, respectively.
The transmitted and reflected power curves for this bend splitter in function of the wavelength are shown in Fig. 9(a) and (b), respectively. Due to symmetry, the transmitted power is equally distributed in the two outputs, therefore, only the coupled into the right waveguide (port 2) is plotted. Also, Fig.  10(a) -(e) show the electric field amplitudes calculated by using SIBC, PBC, Padé(1, 1), Padé(2, 2), and MEBC, respectively. Newly, it can be observed that the schemes Padé(1, 1) and Padé(2, 2) offer good results than those obtained with SIBC and PBC.
V. CONCLUSION
The three examples related to abrupt discontinuities presented here, clearly show that Padé BC of order: (1, 1) and (2, 2) constitute a better alternative for representing accessing waveguides than the SIBC and PBC. In fact, they are alternatives more reliable and therefore should be used in the numerical simulation of this kind of problems. When compared the Padé BC with MEBC, we showed that the schemes of Padé BC are more efficient and their implementation are almost as simple as that of SIBC and PBC. We conclude that Padé approximations are powerful tools for the representation of boundary conditions and may effectively replace the MEBC in problems related to the simulation of junctions, due to the smaller amount of computation resources and time.
